We present detailed theoretical and numerical analysis of certain novel non-linear optical phenomena enabled by photonic bandgap fibers. In particular, we demonstrate the feasibility of optical bistability in an axially modulated nonlinear photonic bandgap fiber through analytical theory and detailed numerical experiments. At 1.55µm carrier wavelength, the in-fiber devices we propose can operate with only a few tens of mW of power, have a nearly instantaneous response and recovery time, and be shorter than 100µm. Furthermore, we predict existence of gap-like solitons (which have thus-far been described only in axially periodic systems) in axially uniform photonic bandgap fibers. 80-82, (1999). 17. Stojan Radić, Nicholas George, and Govind P. Agrawal, "Theory of low-threshold optical switching in nonlinear phase-shifted periodic structures," J. Opt. Soc. Am. B 12, 671-680, (1995). 18. J.E.Heebner, and R.Boyd, "Enhanced all-optical switching by use of a nonlinear fiber ring resonator," Opt.
Introduction
Photonic bandgap fibers have already enabled exploring non-linear optical phenomena in many regimes where they were inaccessible before [1] . In this manuscript, we present two designs of devices for ultra-fast all-optical signal processing, based on non-linear photonic bandgap fibers. In Section 2, we present a small (few λ) in-fiber device that can exhibit optical bistability at power levels close to the ones used in telecommunication networks today. In Section 3, we demonstrate existence of gap-like solitons in axially uniform systems. We conclude in Section 4.
Optical bistability in axially modulated photonic bandgap fibers
OmniGuide fibers are a new type of cylindrical multi-layer dielectric fibers [2, 3] that have only very recently been implemented experimentally [4, 5] . Their cladding is an omnidirectional multi-layer mirror that reflects light of any polarization and any direction. These photonic bandgap fibers can have a hollow core and a guiding mechanism that depends only on the cladding. We propose to exploit these facts to obtain much stronger axial optical modulation than is possible in conventional fibers through insertion of material (e.g. spheres) into the core. Moreover, due to strong transverse confinement, much smaller transverse modal areas are possible than in usual low index-contrast fibers. In this way, we show how optimal ultra-fast bistable devices can be achieved with operating powers less than 40mW, whose highly nonlinear input/output power relation is key to many applications [6] (e.g., all-optical pulse reshaping, optical limiting, logic gates, etc.). Our device retains all the advantages of similar photonic crystal [7] or high index-contrast devices [8] in terms of power, size, and speed. On the other hand, the fact that it is an in-fiber device should make it easier to produce and to couple with another fiber. In this section [9] , we solve the full non-linear Maxwell's equations numerically to demonstrate optical bistability in this class of systems. Moreover, we present an analytical model that excellently describes their behavior and is very useful in predicting optimal designs. For concreteness, our analysis focuses on OmniGuide fibers; nevertheless, one should be able to implement all the principles described in this section in any hollow photonic crystal fiber that has a large enough lateral bandgap. A schematic of a typical design is shown in Fig. 1 . It consists of an axially modulated single-mode OmniGuide fiber with a core of diameter 0.41λ 0 , where λ 0 is the carrier wavelength in vacuum. The cladding consists of 7 bilayers (periods), each 0.3λ 0 thick, 30% of which thickness is the high index (n H =2.8) material. The inner-most layer, adjacent to the core, is low-index (n L =1.5). The axial modulation consists of 41 (n SPH =1.5) spheres tightly filling the core (diameter 0.41λ 0 ). The periodicity of the axial modulation opens a bandgap for the propagating mode. Our 3D frequency-domain simulations [10] tell us that structures like the one in Fig. 1 easily open axial bandgaps of 6% or larger (vs. <0.1% in grated silica fibers). A defect in the axial periodicity creates a resonant cavity supporting a tightly confined, high-Q resonant mode. In the implementation of Fig. 1 , the defect is introduced by changing the index of refraction of the central sphere to n DEF =1.9. Tight confinement in the transverse direction is provided by the large band-gap of the OmniGuide cladding, while strong confinement in the axial direction is provided by the large axial bandgap. The cavity couples to the waveguide (axially uniform fiber) through tunneling processes. We model the low-index material to have an instantaneous Kerr non-linearity (the index change is δn(r,t)=cn L ε 0 n 2 |E(r,t)| 2 , where n 2 is the Kerr coefficient.) We perform nonlinear finite-difference time-domain (FDTD) simulations [11] , with perfectly matched layers (PML) boundary condition, of this system. These simulations propagate Maxwell's equations exactly, with no approximations apart for the discretization, and are therefore capable of predicting true experimental results fairly exactly. Due to the cylindrical symmetry of the system in Fig. 1 , our system is effectively two-dimensional. Consequently, we can obtain excellent physical understanding of the system by performing 2D FDTD simulations. The numerical values obtained with 2D calculations will differ from the true 3D values only by a geometrical factor of order unity.
The cavity supports a strongly localized resonant mode (transverse modal area ≈ λ 0 2 /3 and axial length of the mode ≈ 6λ 0 ). Note that the transverse modal area is 2 orders of magnitude smaller than in typical low index contrast fibers; one could couple such fibers with tapering.
The system has a nearly Lorentzian transmission spectrum:
, where P OUT and P IN are the outgoing and incoming powers respectively, ω RES is the resonant frequency, γ W is the decay width due to the coupling of the cavity mode to the waveguides, while γ R is the decay width due to the coupling to the cladding modes [12] . We measure a quality factor Q = ω RES /[2(γ R +γ W )] =540, and a peak transmission T P =0.88; from this we obtain that the radiation quality factor Q R = ω RES /2γ R = 8700. Q R is finite due to the coupling of energy to the radiating cladding modes; this coupling is the primary cause of losses in our system, but can be controlled [13] . First, we perform numerical experiments in which we launch a series of Gaussian pulses into the system. We choose a carrier frequency ω 0 = ω RES -3.2(γ W +γ R ), and the full-width halfmaximum (FWHM) bandwidth of our pulses is ω 0 /FWHM = 796. The ratio of the transmitted (E OUT ) vs. incoming (E IN ) pulse energy increases sharply as we approach the bistability threshold, and decreases after the threshold is passed, as shown in the upper-left panel of Fig.  2 . Transmitted pulse spectra are also shown for a few pulses in upper-right panel of Fig. 2 ; the non-linear cavity redistributes the energy in the frequency spectrum; if these changes to the spectrum are undesirable, they can be removed by: optimizing the device, using timeintegrating non-linearity, or by adding a frequency-dependent filter to the output of the device. Typical output-pulse shapes are shown in the lower panels of Fig. 2 . As one can see in the lower-left panel, even without optimizing our system, we still obtain well-behaved shapes of output pulses in the regime where E OUT /E IN is maximal. Interestingly enough, the output shape is typically less well behaved as the bandwidth of the pulse becomes narrower with respect to the line-width of the cavity. The reason for this is that during the passage through the system, the pulse observes (self-induced) time-dependent shifts in the resonance position of the cavity, which leave a signature on the pulse itself. It turns out that for shorter-lasting pulses, these signatures get smoothed out. Of course, when the pulse bandwidth becomes larger than the line-width of the cavity, one starts observing distortions for a different reason: in that case, even the linear transmission becomes distorted. For the case of CW signals we can achieve a precise analytical understanding of bistability in this system, making use of a new fundamental dimensionless characteristic of the cavity, the non-linear feedback parameter κ (derived in detail elsewhere [7] ):
where n(r) is the unperturbed index of refraction, E(r,t)= [E(r)exp(iωt)+ E * * * * (r)exp(-iωt)]/2 is the electric field, n 2 (r) is the local Kerr coefficient, VOL of integration is over the extent of the mode, and d is the dimensionality of the system in question. As can be seen from Eq.(1), κ is dimensionless and scale-invariant. It is determined by the degree of spatial confinement of the field in the non-linear material. To an excellent approximation, it is independent of n 2 , the peak electric field amplitude, Q, and small deviations in ω 0 . Let us denote by P IN S , P OUT S the steadystate values of P IN and P OUT respectively. Using a lorentzian transmission spectrum in the linear case and perturbation theory for small δn(r), we obtain:
is the peak transmission, and P 0 is a "characteristic power" of this cavity given by:
According to Eq.(2), P 0 sets the power scale for observing bistability in a cavity of interest.
To check our analytical theory, we obtain κ=0.020 from a single non-linear computation; together with the knowledge of Q and ω RES , we obtain P OUT S (P IN S ) for δ=3.2 which we plot, as a solid line in Fig. 3 . We compare our analytical theory with numerical experiments in which we launch smoothly turned-on CW signals into the cavity. To observe the upper hysteresis branch we launch large-amplitude and wide-width gaussian pulses that decay into smaller steady state CW values. The small discrepancy between our analytical theory and the numerical experiments in Fig. 3 is mostly attributable to the fact that the linear-regime transmission curve is not a perfect Lorentzian; we operate fairly close to the edge of the axial band-gap, and the linear transmission shape looks more like a "tilted" Lorentizan.
While numerical simulations for larger Qs would be prohibitively long, our analytical model allows us to predict the behavior of a high-Q device. According to Eq. (3), the power requirements drop with 1/Q 2 . Q can be increased by adding more spheres to the "walls" of the cavity. For Q of 6000 (which is still compatible with 10Gbit/sec signals), the non-linear index changes are <0.001 (which is still compatible with nearly instantaneous non-linear materials, and below the damage threshold for many materials, including many Chalcogenide glasses [14] ). The power needed to observe bistability is 34mW (assuming n 2 =1.5 * 10 -17 m 2 /W, a value typical for the Chalcogenide glasses [14,15] that we envision using), which is fairly close to the 5mW single-channel peak power levels used in telecommunications. The power can be further decreased by reducing the modal volume and/or by using materials with larger Kerr coefficient. There are two reasons why the required power is so small compared to other fiber systems that display optical bistability [16, 17] . First, all the energy of the mode is concentrated in a very small modal volume; consequently, for the same amount of modal energy, the peak δn(r) induced in the system is much larger than in other systems with much larger modal volumes [17] . This is manifested by the fact that the non-linear feedback parameter κ=0.020 is fairly large. (For comparison, if one had a system in which all the energy of the mode were contained uniformly inside a volume (λ 0 /2n L ) 3 , κ would be ≈0.15.) Second, a large quality factor can be achieved at the same time as the large κ. Increasing Q while keeping other parameters fixed decreases the power requirements as 1/Q 2 [18, 19] . The first factor of Q appears because increasing Q for a fixed P IN leads to a larger peak electric field inside the cavity, due to the longer energy accumulation. The second factor of Q comes from the fact that the resonance peak width is ~1/Q, thereby reducing the required frequency (index) shift by 1/Q as well.
In addition to inserting spheres into the core, there are many other possibilities for experimental implementation of the axial modulation. Conceptually, the fact that the guiding mechanism does not depend on the core and the fact that the core is initially hollow, provide for significantly more experimental flexibility in implementing a strong optical axial modulation than exists in conventional fibers. Other authors [20] demonstrated impressive manipulation of optical properties of holey fibers by inserting various kinds of materials into the holes, including producing periodic axial modulation of the core. Alternatively, one could perform photo-litography on the inner surface of the core: a photoresist would be co-drawn as the inner-most layer of the cladding, laser beams shone from the side would implement crosslinking of the photo-resist, and then the hollow core would be used to transport all the acids and/or bases needed to etch a periodic structure onto the inner-most layer of the cladding.
Finally, for many applications, responses that more closely resemble step-functions than the one shown in Fig. 3 would be desired. In order to achieve this, one could use generalized Fabry-Perot filters which have flattened-top-Lorentzian linear transmission spectra.
Cutoff solitons in axially uniform photonic bandgap fibers
Gap solitons and optical switching [21-25] have been extensively studied in nonlinear dielectric structures with axial periodicity in their linear refractive properties. Corresponding experimental realizations include fiber Bragg gratings [26,27] and integrated multi-layer heterostructures [28] . Such systems exhibit spectral gaps of high reflectivity for wavepropagation along the axial direction. For intense light illumination at a frequency inside the gap they exhibit solitary wave solutions, called gap-solitons, and introduce a strong powerdependence to the transmissivity, in some cases resulting in to a bistable response. Such systems are very attractive for all-optical switching, logic-gate operation, memory etc.
Because of the necessity of an axial spectral gap for their existence, gap solitons have always been studied in axially periodic systems. In this section [29], we show that similar complex behavior is also possible in axially-uniform photonic bandgap (PBG) fibers [2, 3, 5, 30] . We show that in the presence of an optical Kerr-type nonlinearity, axially-uniform PBG fibers exhibit gap-soliton-like generation and associated bistability. This nonlinear response is a direct consequence of the particular guided-mode dispersion relation, which involves a frequency cutoff at k=0: tuning the input frequency below the cutoff provides for an effective axial spectral-gap. This is particularly true, since there are minimal radiation losses (we operate far from the light line), resulting in a distributed feedback mechanism similar to a Bragg reflector. Also, stationary solutions with very low group velocities (even zero) come in naturally at k=0 [31] . We term these solitons "cutoff solitons" in order to distinguish them from all other gap solitons which have thus far only been described for axially periodic structures. We study a 2D embodiment of PBG fibers, described in Fig. 4(a) . This system captures the most essential features of the 3D fiber, including the guided-mode cutoff at k=0 and the absence of a complete spectral gap. In Fig. 4(b) we plot the guided mode dispersion relation in the linear (low-intensity) limit, as calculated by the finite-difference time-domain (FDTD) method. Any small change in linear refractive index will result in an almost constant frequency shift of the dispersion relations.
For input frequencies below the cutoff c ω ω < there are no available guided states in the core. Assume an input port consisting of a similar fiber with a higher-index core n′ and cutoff frequency will decay exponentially in the axial direction and result in a strong reflection. This is similar to waves incident onto a Bragg reflector and is in contrast to all other axially uniform fibers. At high input power we observe a wide range of nonlinear phenomena, such as bistability and selfpulsing, similar to those found in nonlinear axially periodic gratings. We study these phenomena in the limit of small nonlinearities (which is the experimentally correct limit).
To explore these effects in detail, we perform time-domain simulations for the system shown in Fig. 4(a) We obtain two types of response: i) CW: observed in the smaller a L 5 = system, involving bistable switching between a CW low-and a CW high-transmission state (Figs. 5a  and 5b) . ii) Pulsating: observed in the larger a L 8 = system, involving bistable switching between a stable low-and a pulsating high-transmission state (Figs. 5c and 5d ). Such dual response is well known in grated nonlinear systems. The steady state is the result of the excitation of a stationary gap-soliton-like object in the structure. In Fig. 6(b) we plot the field intensity profile along the nonlinear core for the resonant transmission point. While a similar output response could also be obtained in a simple nonlinear slab [32] , there are very important differences. In a nonlinear slab, low-intensity propagation is allowed, nonlinear feedback occurs entirely at the boundaries, and bistability results from an intensity-dependent frequencyshift of the resonant transmission condition. In our case low-intensity propagation is prohibited (as shown in Fig. 6(b) ), and thus nonlinear feedback is axially distributed throughout the nonlinear fiber. This is achieved because we operate below cutoff while having minimal coupling to radiation modes (possible at k=0), and thus is equivalent to operating in a gap. Bistability results from gap-soliton-like excitations, which share very similar physics with gap solitons in nonlinear Bragg gratings. Since they appear in an axially uniform system, however, we term them "cutoff solitons" in order to distinguish them.
The transition from a steady solution to a pulsating one is related to the cutoff soliton becoming non-stationary [25]. The excited cutoff soliton then propagates along the core resulting in an output that consists of a periodic series of pulses. This alternative (convective) method of energy transfer, nevertheless, also results in high transmission. Our axially-uniform nonlinear system, thus, overall responds similarly to a nonlinear Bragg grating.
The key feature common between our system and a Bragg grating is the cutoff, or gap, of the dispersion relations, found only at k=0 in our case. We create a 1D model where the dispersion relations are fit to quadratic forms that include the nonlinear shift δω: We first calculate the predicted frequency dependence of the linear transmission coefficient for the L=5a system. This is plotted in Fig. 6 (a) along with the full-2D FDTD data. Excellent agreement is found above cutoff. Note that the 1D model does show structure below cutoff, because it ignores the small coupling with the cladding modes (gray areas in Fig. 4(b) ). This coupling could be further suppressed by reducing the index contrast between the different segments.
In Figs. 5(a) and 5(c) we plot the high intensity predictions of the 1D model along with the full-2D nonlinear FDTD data. Considering the simplicity of the 1D model, the general agreement is surprisingly good. The differences in switching intensities can be attributed to neglecting the frequency dependence of γ, neglecting second order corrections in γ, and to nonzero contributions from cladding modes. In Fig. 6(b) we plot the intensity along the nonlinear core for the L=5a system at two different points: at the peak of the upper transmission branch where a cutoff soliton has been excited, and at the lower branch where the
